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Persistent Path Homology of Directed Networks*

Samir Chowdhury'

Abstract

While standard persistent homology has been successful in
extracting information from metric datasets, its applicabil-
ity to more general data, e.g. directed networks, is hindered
by its natural insensitivity to asymmetry. We extend a con-
struction of homology of digraphs due to Grigoryan, Lin,
Muranov and Yau to the persistent framework. The result,
which we call persistent path homology or PPH, encodes a
rich level of detail about the asymmetric structure of the
input directed network. For example, we prove that PPH
identifies a class of directed cyclic networks as directed ana-
logues of the circle. In general, PPH produces signatures
that differ from natural extensions of Rips or Cech persis-
tence to the directed setting, but we prove that PPH agrees
with Cech persistence on symmetric spaces. Additionally,
we prove that PPH agrees with Cech persistence on directed
networks satisfying a local condition that we call square-
freeness. We prove stability of PPH by utilizing a separate
theory of homotopy of digraphs that is compatible with path
homology. Finally, we study computational aspects of PPH,
and derive an algorithm showing that over field coefficients,
computing PPH requires the same worst case running time
as standard persistent homology.

1 Introduction

In recent years, the advent of sophisticated data
mining tools has led to rapid growth of network
datasets in the sciences. The recently completed Hu-
man Connectome Project (2010-2015, http://www.
humanconnectome.org/), aimed at mapping the net-
work structure of the human brain, is one example of a
large-scale network data acquisition project. The avail-
ability of such network data coincides with a time of
steady growth of the mathematical theory of persis-
tent homology, which aims to study the “shape” of data
and thus appears to be a good candidate for analysing
network structure. This connection is being developed
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rapidly [33, 34, 31, 32, 24, 23, 18, 29, 17], but this ex-
ploration is far from complete.

There are two problems that arise when studying
directed networks—complete graphs with asymmetric,
real-valued weights—via persistent homology: (1) con-
ventional persistence methods take only metric space
(i.e. symmetric) or point cloud (i.e. Euclidean) data as
input, and (2) these methods typically factor the data
through a filtration of simplicial complexes, which are
themselves undirected objects. Thus the challenge is to
develop persistent homology methods that accept asym-
metric data as input, and associate homological signa-
tures without forcing symmetry on the data at any point
in the pipeline.

This problem has received some attention in recent
literature. Some notable approaches involve computing
the homology and Euler characteristic of directed clique
complexes—see [18, 29] for theoretical and algorithmic
details. A persistent homology framework for directed
clique complexes was introduced in [35], albeit with-
out an implementation. Yet another approach, using
asymmetry-sensitive simplicial complexes called Dowker
complexes, has appeared with experimental details in
[17].

Contributions. In this paper, we address the chal-
lenge presented above by constructing the persistent
path homology (PPH) method for assigning asymmetry-
sensitive persistent homology signatures to network
data. The key property of PPH is that it factors the
input data through a filtration of directed graphs, which
maintains the asymmetry in the input data. By charac-
terizing the 1-dimensional PPH of a family of directed
cycle networks, we provide evidence that PPH can ap-
propriately detect directionality information in data.

The main theoretical foundations from which PPH
is derived can be traced back to work of Barcelo et al.,
who developed a notion of homotopy for (undirected)
graphs [4, 3]. This work has recently been extended
by Grigor’yan et al. [26] to a notion of homotopy for
directed graphs. Moreover, they proved that this notion
of homotopy is consistent with a homology theory on
digraphs called path homology that they had developed
earlier [25]. It is this notion of path homology that we
extend to obtain PPH.
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Two main challenges that we faced when attempt-
ing to establish the viability of PPH as a data analysis
tool were in proving that: (1) PPH is stable to per-
turbations in the input data, and (2) PPH can be im-
plemented via an algorithm with reasonable complex-
ity. In the persistence literature, standard methods for
proving stability invoke results that hold for simplicial
complexes. These results are not available in the PPH
setting; however, by invoking results regarding homo-
topy of digraphs obtained in [26], we were still able to
prove stability of PPH. The implementation of PPH pre-
sented an additional challenge because the chain com-
plex of vector spaces at the core of the persistence ma-
chinery does not come equipped with a natural choice
of basis. This is in contrast to the setting of simplicial
complexes, where the list of all simplices forms a natu-
ral basis for the associated chain complex. We resolve
this challenge by proving that the required basis can be
obtained by the same process of left-to-right Gaussian
elimination on the columns of boundary matrices as that
used in the general persistent homology algorithm. This
observation shows that by using the general persistent
homology algorithm, we can compute PPH without any
additional overhead for finding the basis.

Organization of the paper §3 contains the necessary
background on persistent homology, networks, and the
network distance dar. §2 contains a description of
path homology. In §4 we combine ingredients from the
preceding sections to define PPH and prove its stability.
In §5 we describe a procedure for implementing PPH in
practice.

Notation We denote the nonempty elements of the
power set of a set X by Pow(X), and use the convention
that the empty set is excluded from Pow(X). We write
Z4,R; to denote the nonnegative integers and reals,
respectively. We will write R to denote the extended
real numbers [—oo,00]. We fix a field K and use it
throughout the paper. The identity map on a set X
is denoted idx. Given vector spaces V,V’, we write
V =V’ to denote isomorphism of vector spaces. Given
a finite set S, we write K[S] to denote the free vector
space over K generated by the elements of S. When
we have a sequence of maps (f;);cs indexed by a set I,
we will often refer to them collectively as f,, without
specifying an index. Given sets A, B, amap f: A — B,
and subsets S4 C A, Sp C B, we will write f(S4) C Sp
to mean that f(s) € Sp for each s € S4.

In this paper, a digraph is a pair G = (X, F), where
X is a finite set (the vertices) and F is a subset of X x X
(the edges). We always consider digraphs without self-
loops. We also make the following remark on notation:

given z,2' € X for a digraph G = (X, F), we write
x = 2’ to mean either x = 2/, or (z,2') € E.

2 Path homology of digraphs

Homology is the formal algebraic construction at the
center of our work. For our purposes, we define
homology in the setting of general vector spaces, and
refer the reader to [30, §1.13] for additional details.
Fix a field K. A chain complex is defined to be a
sequence of vector spaces (Ck)rez over K and boundary
maps (O : Cr — Ck_1)kez satisfying the condition
Ok_10 0 = 0 for each k € Z. We often denote a chain
complex as C = (Cy, O )rez. Given a chain complex C
and any k € Z,, one defines the following subspaces:

Zy(C) :=ker(9x) = {c € C : O(c) = 0}, the k-cycles,
Bi(C) :=1m(9k+1) = {c € Cf : ¢ = O41(b) for some
b € C11},the k-boundaries.

The quotient vector space Hy(C) := Z;(C)/By(C)
is called the k-th homology wvector space of the chain
complex C. The dimension of Hy(C) is called the k-th
Betti number of C, denoted S (C).

Given two chain complexes C = (Ck, Ok )kez and
C'" = (C},0,)kez, a chain map ¢ : C — C'is a
family of morphisms (¢r : Cx — C})rez, such that
0. © @ = pr—1 00 for each k € Z. Such a chain map
induces a family of linear maps (¢4 )r : Hx(C) — H(C')
for each k € Z4 [30].

In what follows, we summarize and condense some
concepts that appeared in [25], and attempt to preserve
the original notation wherever possible.

2.1 Elementary paths on a set Given a finite set
X and any integer p € Z4, an elementary p-path over X
is a sequence [z, . .., xp] of p+1 elements of X. For each
p € Z, the free vector space consisting of all formal
linear combinations of elementary p-paths over X with
coefficients in K is denoted A, = A,(X) = Ap(X,K).
One also defines A_; := K and A_5 := {0}. Next, for
any p € Zy, one defines a linear map 9,7 : A, — Ay
to be the linearization of the following map on the
generators of Ap:

p
O ([x0, - xp]) = > (1) [wo, ... Th, .., 1),
1=0

for each elementary p-path [zo,...,zp] € Ap.

Here z; denotes omission of z; from the sequence. The
maps 02 are referred to as the mon-regular boundary
maps. For p = —1, one defines 0™ : A_; — A_2 to
be the zero map. Then 971, o 95" = 0 for any integer
p > —1 [27, Lemma 2.2]. It follows that (A, 0)")pez,
is a chain complex.
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For notational convenience, we will often drop the
square brackets and commas and write paths of the
form [a, b, c] as abc. We use this convention in the next
example.

Ezample. [Paths on a double edge] We will soon explain
the interaction between paths on a set and the edges
on a digraph. First consider a digraph on a vertex
set Y = {a,b} as in Figure 1. Notice that there
is a legitimate “path” on this digraph of the form
aba, obtained by following the directions of the edges.
But notice that applying 95" to the 2-path aba yields
05" (aba) = ba — aa + ab, and aa is not a valid path on
this particular digraph (self-loops are disallowed). To
handle situations like this, one needs to consider regular
paths, which are explained in the next section.

2.2 Regular paths on a set For
@/_\;(b) each p € Z4, an elementary p-path
[Zo,...,xp| is called regular if x; #
xiy1 for each 0 < 4 < p—1, and
irreqular otherwise. Then for each

allowed p-paths on (X, E) is denoted A, = A,(G) =
A, (X, E,K), and is called the space of allowed p-paths.

One further defines A_; := K and A_, := {0}.

2.4 QO-invariant paths and path
homology The allowed paths do
not form a chain complex, because
the image of an allowed path under
0 need not be allowed. This is rec-
tified as follows. Given a digraph
G = (X,FE) and any p € Z,, the
space of d-invariant p-paths on G is
defined to be the following subspace
of A,(G):

QP = QP(G) = QP(X7E,K)
={ce A, : 0,(c) € Ap_1}.

One further defines Q_; = A_; =
K and Q5 = A5 = {0}. Now
it follows by the definitions that
im(0,(Qp)) C Q,—1 for any integer
p > —1. Thus we have a chain com-

L
[

Figure 2: Two
types of square

Figure 1: A two-
node digraph on
the vertex set

Y ={a,b}.

p € Z4, one defines:

Ry = Rp(X,K) := K[{[zo, - - ., 2]

: [zo, ..., xp) is regular}]
I, = T,(X,K) := K[{[zo, . . ., 7]
: [xo, ..., xp] is irregular}].

One can further verify that 0p"(Z,) C I, 1 [27,
Lemma 2.6], and so 0," is well-defined on A,/Z,,. Since
R, = A,/Z, via a natural linear isomorphism, one
can define 9, : R, — Rp-1 as the pullback of Jp"
via this isomorphism [27, Definition 2.7]. Then 0, is
referred to as the regular boundary map in dimension
p, where p € Z,. Now we obtain a new chain complex

(va 8P)P€Z+ .

Example. [Regular paths on a double edge] Consider
again the digraph in Figure 1. Applying the regular
boundary map to the 2-path aba yields d;(aba) =
ba + ab. This example illustrates the following general
principle: Irregular paths arising from an application of
Oe are treated as zeros.

2.3 Allowed paths on digraphs We now expand
on the notion of paths on a set to discuss paths on a
digraph. We follow the intuition developed in Examples
2.1 and 2.2.

Let G = (X, E) be a digraph. For each p € Z,,
one defines an elementary p-path [zo,...,z,] on X to
be allowed if (z;,x;41) € E for each 0 < i <p— 1. For
each p € Z,, the free vector space on the collection of

digraphs.
plex:

0. O: 0 O, o_
L B0 B0 B K 50

For each p € Z, the p-dimensional path homology
groups of & = (X, F) are defined as:
H>(®) = H> (X, E,K) = ker(dp)/ im(dp41).-
Ezample. [Paths on squares] We illustrate the construc-
tion of (1, for the digraphs in Figure 2.

For 0 < p < 2, we have the following vector spaces
of O-invariant paths:

Qo(Grr) =K[{a,b,c,d}]
= K[{ab, cb, cd, ad}]

M (Gum)

Q2(Gm) = {0}

QO(GN) = K[{w7 z,Y, Z}]
QI(GN) = K[{wxv LY, 2Y, ’U}Z}]
Q(Gn) = K{wzy — wey}]

The crux of the (), construction lies in under-
standing Q(Gy). Note that even though S (wxy),
SN (wzy) & Na(Gn) (because wy ¢ A1 (Gy)), we still

have:
SN (wry—wzy) = ry—wy+wr—zy+wy—wz € A (Gy).

Elementary calculations show dim(HZ(Gyy)) = 1,
and dim(HZ(Gy)) = 0. Thus path homology can
successfully distinguish between these two squares.

To compare this with a simplicial approach, con-
sider the directed clique complex homology studied in
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[18, 29, 35]. Given a digraph G = (X, E), the directed
clique complex is defined to be the ordered simplicial
complex [30, p. 76] given by writing:
So =X U{(zo,...,2p) : (ziyzj) € E
for all 0 <i < j <p}.

Here we use parentheses to denote ordered simplices.
For the squares in Figure 2, we have:

Sau = {a,b,c,d,ab, cb, cd, ad} and

8:GN = {w7 z,Y,z,Wwr,ryY,wz, Zy} )
and so their simplicial homologies are equal.

REMARK 2.1. (The challenge of finding a natural
basis for ,) The digraph Gy in Example 2.4 is
a minimal example showing that it is nmontrivial to
compute bases for the vector spaces o. Specifically,
while it is trivial to read off bases for the allowed
paths Ae from a digraph, one needs to consider linear
combinations of allowed paths in a systematic manner
to obtain bases for the O-invariant paths.

Contrast this with the setting of simplicial homol-
ogy: here the simplices themselves form bases for the
associated chain complex, so there is no need for an ex-
tra preprocessing step. Thus when using PPH for asym-
metric data, it is important to consider the trade-off
between greater sensitivity to asymmetry and increased
computational cost.

We derive a procedure for systematically computing
bases for Qe in §5.

2.5 Homotopy of digraphs The constructions of
path homology are accompanied by a theory of homo-
topy developed in [26]. An illustrated example is pro-
vided in Figure 3.

Let Gx = (X, Ex),Gy = (Y, Ey) be two digraphs.
The product digraph Gx X Gy = (X x Y, Exxy) is
defined as follows:

X xY ={(z,y):ze X,y Y}, and
Exxy = {((z,y),(z',y)) € (X xY)?: 2 =2’ and
(y,y') € Ey, ory=1" and (z,2') € Ex}.

Next, the line digraphs IT and I~ are defined
to be the two-point digraphs with vertices {0,1} and
edges (0,1) and (1,0), respectively. Two digraph maps
f,9: Gx — Gy are one-step homotopic if there exists
a digraph map F : Gx x I — Gy, where I € {I*, 1"},
such that:

Flaxxqoy = fand Flg <1y = 9

Figure 3: Directed d-cubes that are all homotopy
equivalent.

This condition is equivalent to requiring;:
f(z) = g(z) for all z € X, or g(z) = f(z) for all z € X.

Moreover, f and g are homotopic, denoted f ~ g,
if there is a finite sequence of digraph maps f; =
o fi,- oy fn=9: Gx — Gy such that f;, fi11 are one-
step homotopic for each 0 < 7 < n—1. The digraphs G x
and Gy are homotopy equivalent if there exist digraph
maps f : Gx — Gy and g : Gy — Gx such that
gof~idg, and fog~idg,.

An example of digraph homotopy equivalence is
illustrated in Figure 3. Informally, the homotopy
equivalence is given by “crushing” the orange arrows
according to the directions they mark. This operation
crushes the 4-tesseract to the 3-cube, to the 2-square,
to the line, and finally to the point.

The concept of homotopy yields the following theo-
rem on path homology groups:

THEOREM 2.1. (THEOREM 3.3, [26]) Let G,G" be two
digraphs.

1. Let f,g G — G be two homotopic digraph
maps. Then these maps induce identical maps
on homology vector spaces. More precisely, the
following maps are identical for each p € Z, :

(f4)p : Hp(G) — Hy(G")
(9#)p + Hp(G) — H,(G").

2. If G and G’ are homotopy equivalent, then
H,(G) = Hy(G") for eachp € Z,.
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3 Background on Persistent Homology and
Networks

A persistent vector space is defined to be a family of

vector spaces and linear maps {U?° LN U‘S,}(;Sg/eR
such that: (1) pss is the identity for each 6 € R, and
(2) s, = s 51 O s, s for each 6 < ¢ < ¢” € R.
Persistent homology refers to the special case when we
have a family of homology vector spaces and induced
linear maps arising from chain complexes and chain
maps.

By the classification results in [11, §5.2], it is
possible to associate a full invariant called a persistence
barcode to each persistent vector space. This barcode is
a multiset of persistence intervals, and is represented
as a set of lines over a single axis. The barcode of
a persistent vector space V is denoted Pers(V). An
equivalent representation is the persistence diagram,
which is as a multiset of points lying on or above

the diagonal in @2, counted with multiplicity. More
specifically,

Dgm(V) := [(8,6,11) € R : [6;,5;41) € Pers(V)],

where the multiplicity of (6;,d;4+1) € R is given by the
multiplicity of [0;,0;41) € Pers(V).

Persistence diagrams can be compared using the
bottleneck distance, which we denote by dgp. Details
about this distance, as well as the other material related
to persistent homology, can be found in [13]. Numerous
other formulations of the material presented above can
be found in [22, 36, 8, 20, 19, 6, 21].

REMARK 3.1. From the definition of bottleneck dis-
tance, it follows that points in a persistence diagram
Dgm(V) that belong to the diagonal do not contribute
to the bottleneck distance between Dgm(V) and another
diagram Dgm(U). Thus whenever we describe a persis-
tence diagram as being trivial, we mean that either it is
empty, or it does not have any off-diagonal points.

3.1 Interleavings Let U/,) be two persistent vector
spaces with linear maps ss s : US — U%te and ts.s
V9 — Vo*te, respectively, for each § < &' € R. Given
€ > 0, U and V are said to be e-interleaved [12, 6] if
there exist two families of linear maps {¢; : V° —
Utelser and {15 : U — VO scp such that: (1)
Do 085,50 = Lote,5'4+e 0P, (2) Yo Olssr = So4e,6'+e © Vs,
(3) 86,542c = Ys4e 0 @5, and (4) ts5542: = Pste 0 Y5 for
each § < 4 € R. The Algebraic Stability Theorem of
[12] guarantees that if & and V are e-interleaved, then
d(Dgm(U),Dgm(V)) < e. Details on these results are
provided in Appendix B.

3.2 Networks We follow the framework of [9, 10]. A
network is a finite set X together with a weight function
Ax : X x X — R. This can be interpreted as a
complete graph with asymmetric, real-valued weights,
or alternatively, as a generalization of a finite metric
space. Note that Ax is not required to satisfy the
triangle inequality or any symmetry condition. The
collection of all such networks is denoted N.

Given two networks (X, Ax),(Y,Ay) € N and
R C X x Y any nonempty relation, the distortion of
R is defined as:

dis(R) := max

A NN _ A "
(w,y),(m',y')eR| x(z,2') v (¥, )]

A correspondence between X and Y is a relation R
between X and Y such that 7x(R) = X and 7y (R) =
Y, where 7x : X XY - X andny : X XY = Y
denote the natural projections. The collection of all
correspondences between X and Y will be denoted
Z(X,Y).

Following prior work in [10], the network distance
dy : N x N — Ry is then defined as:

XD = b,

dis(R).

It can be verified that dn as defined above is a
pseudometric, and that the networks at O-distance can
be completely characterized [15, 16]. Next we wish to
state a reformulation of da that will aid our proofs.
First we define the distortion of a map between two
networks. Given any (X, Ax), (Y, Ay) € N and a map
v (X,Ax) — (Y, Ay), the distortion of ¢ is defined
as:

dis(p) = max |Ax(z,a") — Ay (p(@), ¢(2))].

Given maps ¢ : (X,wx) = (Ywy) and ¢ : (Y,wy) —
(X,wx), we define two co-distortion terms:

Cxy(p,¥) = o nax lwx (2,9 (y)) — wy (¢(x),y)],
Cyx (1, p) = i |lwy (y, p(2)) — wx (¥ (y), )]

PROPOSITION 3.1. ([17, PROPOSITION 4]) Let
(X7 AX)a (Y7 AY) S N Th€7’L7

dv(X,Y) = % min { max (dis(go), dis(¢), Cx v (¢, ),

C’y,X(dJ,gp))) o X =YY Y - X any maps}.
REMARK 3.2. Proposition 3.1 is analogous to a result
of Kalton and Ostrovskii [28, Theorem 2.1] where—

instead of da—one has the Gromov-Hausdorff dis-
tance between metric spaces. We remark that when
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restricted to the special case of networks that are also
metric spaces, the network distance dnr agrees with the
Gromov-Hausdorff distance. Details on the Gromov-
Hausdorff distance can be found in [7].

An important remark is that in the Kalton-
Ostrovskii formulation, there is only one co-distortion
term. When Proposition 3.1 is applied to metric spaces,
the two co-distortion terms become equal by symmetry,
and thus the Kalton-Ostrovskii formulation is recovered.
But a priori, the lack of symmetry in the network setting
requires us to consider both terms.

3.3 Rips and Dowker complexes A standard tool
in persistent homology is the Vietoris-Rips complex. For
any network (X, Ax) and any 6 € R, this is defined
as Ry = {0 € X : max, yex Ax(z,2') < §}. In
[17], it was shown that Rips complexes are insensitive
to asymmetry in data. The Dowker sink/source com-
plezes introduced in [17] were, however, shown to be
sensitive to asymmetry in data. The sink complex is
defined as D5y = {0 € X : Ax(x,p) < dforallz €
o, for some p € X}, and the source complex is defined
analogously, by swapping the positions of z and p. It
was shown in [17] that both types of complexes pro-
duce the same persistence diagram. The k-dimensional
Dowker persistence diagram of (X, Ax) is then denoted
ng;? (X). In the setting of metric spaces, the Dowker
complex coincides with the Cech complex. In such cases,
we refer to Dowker/ Cech persistence interchangeably.

4 The Persistent Path Homology of a Network

Let X = (X,Ax) € N. For any 6 € R, the digraph
®% = (X, E%) is defined as follows:

EY ={(z,2) e X x X :x # 2, Ax(z,2') < §}.

Note that for any 8’ > 6 € R, we have a natural
inclusion map &4 — QS%. Thus we may associate to X
the digraph filtration {®% — (’5‘%}5§5/€R.

The functoriality of the path homology construction
(Appendix A, Proposition A.2) enables us to obtain a
persistent vector space from a digraph filtration. Thus
we make the following definition:

DEFINITION 4.1. Let & = {&° < &% }scser be a
digraph filtration. Then for each p € Z,, we define
the p-dimensional persistent path homology of & to be
the following persistent vector space:

(t5,50 )%

H(8) == {H (&)

P HE (6" )} s<ser.

The diagram associated to H; (&) is denoted ngf(@).
In particular, given (X, Ax) € N and its digraph filtra-
tion, we write ngf(X) to denote its path persistence
diagram in dimension p.

The first main theorem of this section, which shows
that the persistent path homology construction is stable
to perturbations of input data, and hence amenable to
data analysis, is below:

THEOREM 4.1. (STABILITY) Let X = (X,Ax),Y =
(Y,Ay) € N. Letp € Z. Then,

dg(Dgm,,(X),Dgm, (V) < 2dp (X, D).

The proof uses results on the interleaving distance, for
which we provide details in Appendix B.

Proof. [Proof of Theorem 4.1] Let n = 2dyx(X,Y). By
virtue of Proposition 3.1, we obtain maps ¢ : X — Y
and ¢ : Y — X such that dis(p) < n,dis(¢)) < n,
Cx,y(p,¥) <n, and Cy x (¥, 9) <.

Claim. For each § € R, the map ¢ induces a digraph
map @5 : &% — Q5§,+" given by x — ¢(z), and the map
1 induces a digraph map 15 : Qig, — QS‘;'" given by

y = P(y).

To see the claim, let § € R, and let (z,2') € E%.
Then Ax(z,z') < §. Because dis(p) < 7, we have
Ay (p(z),o(z") < 6 +n. Thus (p(z),e(x')) € Ef;”’,
and so s is a digraph map. Similarly, s is a digraph
map. Since d € R was arbitrary, the claim now follows.

Claim. Let 6 < ¢’ € R, and let s5,47, t54r,6/4n denote the
digraph inclusion maps &% — &% and Qiif" — Q5§)+T’
respectively. Then ¢4/ 0 855 and ts4y 54y © s are one-
step homotopic.

9

To see this claim, let x+ € X. We wish to show
05/ (86,60 (7)) = totn,5+n(ps(x)). But notice that:

w51 (85,8 (7)) = s (1) = @(),

where the second equality is by definition of s and
the first equality occurs because ss 4 is the inclusion
map. Similarly, 5,645 (0s(2)) = torns4n(e(z)) =
¢(x). Thus we obtain s (855 (x)) = tsiner+y(0s(x)).
Since = was arbitrary, it follows that (s o sss and
ts1n,64n © Ps are one-step homotopic.

Claim. Let 0 € R, and let s5542, denote the digraph
inclusion map &%, — 056;2". Then 5,542, and Ys1,00s
are one-step homotopic.

To see this claim, recall that Cx y(p,¢) < 1, which
means that for any x € X,y € Y, we have:

[Ax (2,9 (y)) — Ay ((2),9))[ < 0.
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Figure 4: Left: 05‘553 is (digraph) homotopy equivalent
to a point at § = 1, as can be seen by collapsing
points along the orange lines. Right: @giﬂg becomes
contractible at § = /2, but has nontrivial homology in
dimension 2 that persists across the interval [1,1/2).

Let z € X, and let y = ¢(x). Notice that s5542,(z) =2
and Y54y (ps(2)) = Y(p(x)). Also note:

Ax (2, 9(p(x))) <0+ Ay (p(), p(2)) <6+ 2.

Thus $5,6424 (%) = s4n(ps(x)), and this holds for any
x € X. The claim follows.

By combining the preceding claims and Theorem
2.1, we obtain the following, for each p € Z:

((ss.6420)#)p = (Y5100 98)#)ps
((psr 0 85,5)4)p = (5,840 © ©5)#)p-

By invoking functoriality of path homology (Proposition
A.2), we obtain:

((36,6+2n)#)p = (<¢6+n)#)p © ((806>#)p7
((ps)#)p o (86.6)4)p = ((Esn,674n)#)p © ((05)#)p-

By using similar arguments, we can also obtain, for each
pe Z+7

((ts.542n)#)p = ((@51m)#)p © (V6)#)p>
((wé’)#)p ° (tt?,é/)#)p = ((55+n,5’+n)#)p © ((¢6)#)P'

Thus #5(X) and H;(Y) are n-interleaved, for each
p € Z4+. The result now follows by an application of
the Algebraic Stability Theorem (see §3.1, also Theorem
B.1).

REMARK 4.1. The preceding stability result has analo-
gous counterparts in the setting of Rips and Dowker per-
sistence for asymmetric networks. The key difference in
the proof technique is that in the Rips/Dowker settings
one can use classical results about contiguous simplicial
maps, whereas in this setting, we are required to use
results on the homotopy of digraphs that were recently
developed in [26].

Having defined PPH, we now answer some funda-
mental questions related to its characterization. We
show that PPH agrees with Cech/Dowker persistence
on metric spaces in dimension 1, but not necessarily in
higher dimensions. We also show that in the asymmet-
ric case, PPH and Dowker agree in dimension 1 if a
certain local condition is satisfied.

Ezxample. [PPH vs Dowker for metric n-cubes] In
the setting of metric spaces, PPH is generally dif-
ferent from Dowker persistence in dimensions > 2.
To see this, consider R™ equipped with the Eu-
clidean distance for n > 3. Define 0O, =
{(ir,ig, . in) i € {0,1} V1 <j<n}. Then &%
has no edges for § < 1, and for § = 1, it has precisely
an edge between any two points of [, that differ on
a single coordinate. But at § = 1, Qﬁ‘fjn is homotopy
equivalent to &2 __,: the homotopy equivalence is given
by collapsing points that differ exactly on the nth co-
ordinate (see Figure 4). Proceeding recursively, we see
that &2 __, is contractible at 6 = 1. However, D5(0,)
is not contractible at § = 1. Moreover, an explicit
verification for the n = 3 case shows that Dgmj (CJ3)
consists of the point (1, V/2) with multiplicity 7. Thus
Dgm3 (O3) # Dgms (Cs).

THEOREM 4.2. Let X = (X, Ax) € N be a symmetric
network, and fir K = Z./pZ for some prime p. Then
Dgm?(X) = Dgm? ().

The preceding result shows that on metric spaces,
PPH agrees with Dowker persistence in dimension 1.
The converse implication is not true: in §4.1, we provide
a family of highly asymmetric networks for which PPH
agrees with Dowker persistence in dimension 1. On the
other hand, the examples in Figure 5 show that equality
in dimension 1 does not necessarily hold for asymmetric
networks. Moreover, it turns out that the four-point
configurations illustrated in Figure 5 can be used to
give another partial characterization of the networks
for which PPH and Dowker persistence do agree in
dimension 1. We present this statement next.

DEFINITION 4.2. Squares, triangles, and double
edges. Let & be a finite digraph. Then we define the
following local configurations of edges between distinct
nodes a,b,c,d:

e A double edge is a pair of edges (a,b), (b,a).
e A triangle is a set of edges (a,b), (b, c), (a,c).

e A short square is a set of edges (a,b), (a,d), (¢, b),
(c,d) such that neither of (a,c), (¢,a), (b,d), (d,b)
is an edge.
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1 T2 T3 T4 Yi Y2 Ys Y4
r1 0| 1|22 vil o1 2|1
T2 20|22 Y2020 2|2
z3 | 2|10 2 Y| 2| 1|01
Tga | 1| 2]11]0 Ya | 2121210

Figure 5: Working over Z/2Z coefficients, we find
that Dgm7 (&) and Dgm; () are trivial, whereas
Dgm? (¥) = Dgm7(¥) = {(1,2)} = {(1,2)}.

e A long square is a set of edges (a,b), (b,c), (a,d),
(d, c) such that (a,c) is not an edge.

All these are illustrated in Figure 6. Finally, we
define a network (X, Ax) to be square-free if &% does
not contain a four-point subset whose induced subgraph
is a short or long square, for any 6 € R. An important
observation is that to be a square, the subgraph induced
by a four-point subset cannot just include one of the
configurations pictured above; it must exclude diagonal
edges as well.

THEOREM 4.3. Let X = (X, Ax) € N be a square-free
network, and fixr K = Z/pZ for some prime p. Then
Dgm? (X) = Dgm? (X).

REMARK 4.2. The proofs of Theorems 4.2 and 4.3 both
require an argument where simplices are paired up—
this requires us to use Z/pZ coefficients in both theorem
statements.

4.1 An application: Characterizing the dia-
grams of cycle networks For each n € N, con-
sider the weighted, directed graph (X,,E,, Wg, )
with vertex set X, := {z1,z2,...,2,}, edge set
E, = {(z1,22), (x2,23), ..., (Tn_1,Zn), (Tn,z1)}, and
edge weights Wy, : E,, — R given by writing Wg, (e) =
1 for each e € E,. Next let Ag, : X, x X;, — R de-
note the shortest path distance induced on X, x X,
by Wg,. Define the cycle network on n nodes to be
Gn = (X,,Aqg,). A cycle network on 6 nodes is il-
lustrated in Figure 7, along with its weight matrix. If

odiiso

©

O—"=0 O—=0C

-
[

Figure 6: Squares, triangles, and double edges

@/L Tl T2 T3 T4 T5 Te
1 2 4
| @, e

011
25|01, 2|34
34150, 1|23
@ Ta| 3|4 5/0]1]2
5234|501
lb ! Te| 1|2 3(4/5]0

Figure 7: A cycle network on 6 nodes, along with
its weight matrix. Note that the weights are highly
asymmetric.

T1,To,...,x, € X, appear in G, in this clockwise or-
der, we will write 1 < 2o < ... 2 2.

Notice that cycle networks are square-free. If a <
b < ¢ < d are four nodes on a cycle network, then
for any 6 € R such that we have an edge a — d, we
automatically have an edge a — ¢. Thus the subgraph
induced by {a,b,c,d} cannot be either a long or a short
square.

Cycle networks constitute an interesting family
of examples with surprising connections to existing
literature [2, 1]. In particular, their Dowker persistence
diagrams can be fully characterized by results in [2],
[1], and [17]. More specifically, given any n > 3, we
know that Dgm? (G,,) consists of the point (1,[n/2])
with multiplicity 1. In this sense, a cycle network is a
directed analogue of the circle.

A natural test to see if PPH detects cyclic behavior
in an expected way is to see if it can be characterized
for cycle networks. This is the content of the following
theorem.
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THEOREM 4.4. Let G, be a cycle network for some
integer n > 3. Fur a field K = Z/pZ for some prime p.
Then Dgmy (Gn) = {(1, [n/2])}.

5 Algorithmic Details

The origin of a general persistent homology algorithm
for simplicial complexes can be traced back to [22] for
Z]27 coeflicients, and to [36] for arbitrary field coeffi-
cients. Here it was observed that the persistence algo-
rithm has the same running time as Gaussian elimina-
tion over fields, i.e. O(m?) in the worst case, where m
is the number of simplices.

The PPH setting is more complicated, due to two
reasons: (1) because of directionality, the number of p-
paths on a vertex set is much larger than the number
of p-simplices, for any p € N, and (2) one must first
obtain bases for the O-invariant p-paths {€, :p > 2}.
The first item is unavoidable, and even desirable—we
capture the asymmetry in the data, thus retaining more
information. For the second item, note that Qg and
Q1 are just the allowed 0 and 1-paths, so their bases
can just be read off from the network weight function.
After obtaining compatible bases for the filtered chain
complex {Qf — QgF'}._, however, one can use the
general persistent homology algorithm [22, 36, 14]. By
compatible bases, we mean a set of bases {Bj, C Q :
0<p<D+1, ieN} such that B;, C B;H for each i,
and relative to which the transformation matrices M,
of 8, are known. Here D is the dimension up to which
we compute persistence.

We now present a procedure for obtaining com-
patible bases for the O-invariant paths. Fix a net-
work (X, Ax). We write R, to denote R,(X,K), for
each p € Zy. Given a digraph filtration on X, we
obtain a filtered vector space {A{ — ALY and
a filtered chain complex {Qf — QiH1}N . for some
N € N. For any p-path v, define its allow time as
at(v) := min{k > 0 : v € AF}. Similarly define its
entry time as et(v) := min{k > 0 : v € QF}. The allow
time and entry time coincide when p = 0, 1, but are not
necessarily equal in general. In Figure 5, for example,
we have at(z4x122) = 1 < 2 = et(zg2122).

Now fix p > 2, and consider the map 9, : R, —
Rp—1. Let M, denote the matrix representation of J,,
relative to an arbitrary choice of bases B, and B,_; for
R, and R,_1. For convenience, we write the bases as
B, ={v’ : 1 <i < dim(R,)} and B, ; ={v" ' : 1<
i < dim(Rp_1)}, respectively. Each basis element has
an allow time that can be computed efficiently, and the
allow times belong the set {1,2,..., N}. By performing
row and column swaps as needed, we can arrange M, so
that the basis vectors for the domain are in increasing

allow time, and the basis vectors for the codomain are
in decreasing allow time. This is illustrated in Figure 8.

A special feature of M, is that it is stratified
into horizontal strips given by the allow times of the
codomain basis vectors. For each 1 < i < N, we define
the height range i as:

hr(i) == {1 < j < dim(Rp_1) : at(v? ™) = i}.

In words, hr(i) lists the codomain basis vectors
that have allow time ¢. Next we transform M, into a
column echelon form M, g, using left-to-right Gaussian
elimination. In this form, all nonzero columns are to
the left of any zero column, and the leading coefficient
(the topmost nonzero element) of any column is strictly
above the leading coefficient of the column on its right.
The leading coefficients are usually called pivots. An
illustration of M, ¢ is provided in Figure 8. To obtain
this column echelon form, the following elementary
column operations are used:

1. swap columns ¢ and j,
2. replace column j by (col j —k(col 7)), where k € K.

The basis for the domain undergoes corresponding
changes, i.e. we replace v} by (v] — kv}’) as necessary.
We write the new basis B, g for R, as {of : 1 <
i < dim(R,)}. Moreover, we can write this basis as
a union B, = UL B} , where each B , = {7}, :
1 < k < dim(Rp), et(v}) < i}. This follows easily
from the column echelon form: for each basis vector
v of the domain, the corresponding column vector is
Op(v), and at(0y(v)) can be read directly from the height
of the column. Specifically, if the row index of the
topmost nonzero entry of d,(v) belongs to hr(i), then
at(0p(v)) = 4, and if 9,(v) = 0, then at(d,(v)) = 0.
Then we have et(v) = max(at(v), at(9,(v))).

REMARK 5.1. In the Gaussian elimination step above,
we only eliminate entries by adding paths that have
already been allowed in the filtration. This means that
for any operation of the form v¥ « v — kv?, we must
have at(vy) < at(v}). Thus at(v} — kv}) = at(v}). It
follows that the allow times of the domain basis vectors
do not change as we pass from M, to M, qa, i.e. M,
and My ¢ have the same number of domain basis vectors
corresponding to any particular allow time.

Now we repeat the same procedure for 0Jpi1
Rp+1 — Ry, taking care to use the basis By g for
Rp. Because we never perform any row operations
on Mpy1, the computations for M,;; do not affect
M, c. We claim that for each 1 < 7% < N and each
p >0, B;G is a basis for Q;. The correctness of the
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procedure amounts to proving this claim. Assuming
the claim for now, we obtain compatible bases for the
chain complex {Q’. — Qﬁ“‘l}j\;l. Applying the general
persistence algorithm with respect to the bases we just
found now yields the PPH diagram.

Correctness Note that all paths become allowed even-
tually, so dim(Q2)') = dim(R,). We claim that B} o is
a basis for 1, for each 1 < i < N. To see this, fix
1<i<N and let v € B}, . By the definition of B} g,
et(v) < i, so v € Q. Each B} o was obtained by per-
forming linear operations on the basis B, of R, so it is
a linearly independent collection of vectors in Q;}. To-
wards a contradiction, suppose B;G does not span Q;.
Let @ € Q, be linearly independent from B}, , and let
v € Bya\ BZ,G be linearly dependent on @ (such a ©
exists because By ¢ is a basis for Rp).

Consider the basis Bg obtained from B, after
replacing v with 4. Let M;} denote the corresponding
matrix, with the columns arranged in the following
order from left to right: the first |B) 5| columns agree
with those of M, ¢, the next column is O0p(u), and
the remaining columns appear in the same order that
they appear in M, . Notice that M, ¢ differs from
M} by a change of (domain) basis, i.e. a sequence of
elementary column operations. Next perform another
round of left-to-right Gaussian elimination to arrive at
a column echelon form M, where u is the domain basis
vector obtained from 4 after performing all the column
operations. Let B;’ denote the corresponding domain
basis. It is a standard theorem in linear algebra that
the reduced column echelon form of a matrix is unique.
Since M), ¢ and M, were obtained from M, via column
operations, they both have the same unique reduced
column echelon form, and it follows that they have the
same pivot positions.

Now we arrive at the contradiction. Since v ¢ Bp G
we must have either at(0) > 4, or at(d,(0)) > i. Suppose
first that at(v) > . Since @ € Q, we must have
et(d) < 4, and so at(4) < 4. By the way in which
we sorted M;j, we know that u is obtained by adding
terms from BZ ¢ to a. Each term in BZ has allow
time < i, so at( ) < i by Remark 5. 1 But then
B;f has one more basis vector with allow time < ¢
than B, i.e. one fewer basis vector with allow time
> ¢. This is a contradiction, because taking linear
combinations of linearly independent vectors to arrive at
B, can only increase the allow time. Next suppose that
at(0,(0)) > i. Then, because M, ¢ is already reduced,
the column of © has a pivot at a height that does not
belong to hr(i). Now consider d,(u). Suppose first that
Op(u) = 0. Then the column of u clearly does not have
a pivot, and it does not affect the pivots of the columns

to its right in M}'. Thus M’ has one fewer pivot than
M, ¢, which is a contradiction because both matrices
have the same reduced column echelon form and hence
the same pivot positions. Finally, suppose dp(u) # 0.
Since u is obtained from @ by reduction, we also have
at(Jp(u)) < at(dp(w)) < i. Thus M, has one more
pivot at height range ¢ than Mpg, which is again a
contradiction. Thus B’ ¢ spans QZ Since 1 <i < N
was arbitrary, the result follows

Data structure Our work shows that left-to-right col-
umn reduction is sufficient to obtain compatible bases
for the filtered chain complex {Qi — Q1IN . As
shown in [36], this is precisely the operation needed
in computing persistence intervals, so we can compute
PPH with little more work. It is known that there
are simple ways to optimize the left-to-right persistence
computation [14, 5], but in this paper we follow the clas-
sical treatment. Following [22, 36], our data structure
is a linear array T labeled by the elementary regular
p-paths, 0 < p < D + 1, where D is the dimension up
to which homology is computed. For completeness, in
Appendix D we show how to modify the algorithms in
[36] to obtain PPH.

Analysis The running time for this procedure is the
same as that of Gaussian elimination over fields, i.e. it
is O(m3), where m is the number of D-paths (if we
compute persistence up to dimension D — 1). This
number is large: the number of regular D-paths over
n points is n(n — 1)D Computing persistence also
requires O(m?) running time. Thus, to compute PPH
in dimension D — 1 for a network on n nodes, the worst
case running time is O(n3+30).

Compare this with the problem of producing sim-
plicial complexes from networks, and then computing
simplicial persistent homology. For a network on n
nodes, assume that the simplicial filtration is such that
every D-simplex on n points eventually enters the fil-
tration (see [17] for such filtrations). The number of

D-simplices over n points is ( which is of the same
D+1

Drjrl)’
order as n Thus computing simplicial persistent
homology in dimension D — 1 via such a filtration (us-
ing the general algorithm of [36]) still has complexity
O(n3+3D).

6 Discussion

We presented persistent path homology (PPH) as a
novel tool for performing topological data analysis on di-
rected networks. We proved its stability by appealing to
a homotopy theory for digraphs. We proved some fun-
damental characterization results, i.e. that PPH agrees
with Cech/ Dowker persistence in metric spaces (more
generally in symmetric/undirected networks) in dimen-
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Figure 8: Left: The rows and columns of M,, are initially arranged so that the domain and codomain vectors
are in increasing and decreasing allow time, respectively. If there are no domain (codomain) vectors having a
particular allow time, then the corresponding vertical (horizontal) strip is omitted. Right: After converting to
column echelon form, the domain vectors of M,, ¢ need not be in the original ordering. But the codomain vectors

are still arranged in decreasing allow time.

sion 1 (but not necessarily in higher dimensions), and
that PPH recognizes the periodic structure of a cycle
network as a directed analogue of a circle, as it should.
For this last result, we developed a separate characteri-
zation result showing that even on asymmetric/directed
networks, PPH agrees with Dowker persistence if the
network is square-free.

From the computational standpoint, we proved that
the problem of finding a natural basis when computing
PPH is automatically solved inside the general persis-
tent homology algorithm, and thus does not cost any
additional overhead. Future work includes optimizing
the computation of PPH, perhaps in the same way that
tools from matroid theory or discrete Morse theory can
be employed for efficient computation of simplicial per-
sistent homology.
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A Digraph maps and functoriality

A digraph map between two digraphs Gx = (X, Fx)
and Gy = (Y, Ey) isamap f : X — Y such that for
any edge (z,2') € Ex, we have f(z) = f(z'). Recall
that this notation means:

cither f(z) = f(z'), or (f(z), f(z')) € Ey.

To extend path homology constructions to a persis-
tent framework, we need to verify the functoriality of
path homology. As a first step, one must understand
how digraph maps transform into maps between vector
spaces. Some of the material below can be found in
[26]; we contribute a statement and verification of the
functoriality of path homology (Proposition A.2) that
is central to the PPH framework (Definition 4.1).

Let X,Y be two sets, and let f : X — Y be a
set map. For each dimension p € Z,, one defines a
map (fi)p : Ap(X) — A,(Y) to be the linearization
of the following map on generators: for any generator
[zo,...,xp] € Ap(X),

(fp([zo, -, wp]) := [f (o), f(1), .. -, f(ap)]-

Note also that for any p € Z, and any generator
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i=0
p —
= (=1 [f(@o), o f(@i), o, flap)]
=0
= 8;“ o (f*)p)([l'07 s >mp])'
It follows that f. := ((fs)p)pez, is a chain map from

(AP(X)> azr)p€Z+ to (Ap(Y)v agr)p€Z+~
Let p € Zy. Note that (f.)p(Z,(X)) € Z,(Y), so
(f+)p descends to a map on quotients

(ﬁk)p P Ap(X)/Lp(X) = Ap(Y)/Z,(Y)

which is well-defined. For convenience, we will abuse
notation to denote the map on quotients by (fs), as
well. Thus we obtain an induced map (f), : Rp(X) —
Rp(Y). Since p € Zy was arbitrary, we get that f, is
a chain map from (R, (X),dp)pez, to (Rp(Y),0p)pez. -
The operation of this chain map is as follows: for each
p € Z4 and any generator [xo, ..., 2z, € Rp(X),

(f)p([wo, .., 2p]) = [f(0), f(21), .- -, fl2})]

if f(zo), f(x1),..., f(xp) are all distinct, and is 0 oth-
erwise. We refer to f, as the chain map induced by the
setmap f: X =Y.

Now given two digraphs Gx = (X, Fx), Gy =
(Y, Ey) and a digraph map f : Gx — Gy, one may use
the underlying set map f : X — Y to induce a chain
map f. : Re(X) — Re(Y). As one could hope, the
restriction of the chain map f. to the chain complex of
O-invariant paths on Gx maps into the chain complex
of O-invariant paths on Gy, and moreover, is a chain
map. We state this result as a proposition below, and
provide a reference for the proof.

PROPOSITION A.1. (THEOREM 2.10, [26]) Let Gx =
(X,Ex),Gy = (Y,Ey) be two digraphs, and let f :
Gx — Gy be a digraph map. Let f. : Re(X) —
Re(Y) denote the chain map induced by the underly-
ing set map f : X — Y. Let (Qy(Gx),05%)pez,
(Qp(Gy), 057 )pez, denote the chain complezes of the
O-invariant paths associated to each of these digraphs.
Then (f+)p(2p(Gx)) C Qp(Gy) for each p € Z,, and
the restriction of f. to Qe(Gx) is a chain map.

Henceforth, given two digraphs G, G’ and a digraph
map f : G — G, we refer to the chain map f, given by
Proposition A.1 as the chain map induced by the digraph
map f. Because f, is a chain map, we then obtain an

induced linear map (fx), : Hy(G) — H,(G’) for each
pE Z+.

The preceding concepts are necessary for developing
the theory of path homology. We use this set up
to state and prove the following result, which is used
in defining PPH (Definition 4.1) and also for proving
stability (Theorem 4.1).

ProprosITION A.2. Functoriality of path homol-
ogy. Let G,G',G" be three digraphs.

1. Letidg : G — G be the identity digraph map. Then
(ida#)p : Hp(G) — Hy(G) is the identity linear
map for each p € Z .

2 Let f : G — G',9:G — G” be digraph maps.
Then ((g o f)#)p = (9#)p © (f#)p for any p € Z..

Proof. Let p € Z4. In each case, it suffices to verify the
operations on generators of ,(G). Let [zg,...,xp] €
Q,(G). We will write idgs to denote the chain map
induced by the digraph map idg. First note that

(idas)p([zo, - - s 2p]) = [ida(20), - -, ida ()]

= [zo,...,zp).
It follows that (idg.), is the identity linear map on
Q,(G), and thus (idg#), is the identity linear map
on H,(G). For the second claim, suppose first that

9(f(x0)),...,9(f(zp)) are all distinct. This implies that
f(zo), ..., f(xzp) are also all distinct, and we observe:

((go ) )p([zos - 2p]) = [9(f(20)), - -, g(f(2p))]
= (g )p([f(x0); - - -, f(xp)])
= (9*)p((f*)p([$07 e va]))~

Next suppose that for some 0 < i # j < p, we have
g(f(z;)) = g(f(x;)). Then we obtain:

((go Flalp([zo, - 2p]) = 0= (g)p ((f)p ([0, - -, 2p])).-

It follows that ((go f)«)p = (9«)po (f+)p. The statement
of the proposition now follows.

B Interleaving distance and
persistent path homology.

stability of

Given ¢ > 0, two R-indexed persistent vector spaces
V= (Vo 20 vy s and U = {U° 222 U9 }ocy
are sald to be e-interleaved [12, 6] if there exist two
families of linear maps

{ps : V? = U} ser,
{5 : U° = Vo) ser
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such that the following equalities hold for all 6" > § € R:

P! O Vs, = Hé+e,6'4e O Ps

Vote,b'+e © Yo = Psr 0 s o

Vs,5+2¢ = Yote © Qs

[6,54+2¢ = Pote © Ys.
The purpose of introducing e-interleavings is to define
a pseudometric on the collection of persistent vector

spaces. The interleaving distance between two R-
indexed persistent vector spaces V,U is given by:

di(U,V) :=inf {e > 0: U and V are e-interleaved} .

One can verify that this definition induces a pseudomet-
ric on the collection of persistent vector spaces [12, 6].
The interleaving distance can then be related to the
bottleneck distance as follows:

THEOREM B.1. (ALGEBRAIC STABILITY, [12]) Let
U,V be two R-indexed persistent vector spaces. Then,

dg(Dgm(U), Dgm(V)) < di(U, V).

A special case of the Algebraic Stability Theorem
is the Persistence Equivalence Theorem [20]. This
particular version follows from the isometry theorem
[6], and we refer the reader to [13, Chapter 5] for an
expanded presentation of this material.

THEOREM B.2. (PERSISTENCE EQUIVALENCE)
Consider two persistent vector spaces U = {U5 ”5_5')
Ua/}‘;S‘S'GR and V = {V° o VJI}&SJ’GR with
connecting maps fs : U — V9.

U(S U5/ U(S// o
fs for forn
Ve v |/ —

If the fs are all isomorphisms and each square in
the diagram above commutes, then:

Dgm(U) = Dgm(V).

C PPH and Dowker persistence

DEeFInITION C.1. Type I and ITI Dowker simplices
Let (X,Ax) € N, fix 6 € R, and let o be a simplex
n f;fx. Then we define o to be a Type I simplex if
some x € o is a §-sink for o. Otherwise, o is a Type
1T simplex. Notice that if o is a Type II simplex, then
there exists x € o such that x is a d-sink for o.

We define analogous notions at the chain complex
level: a chain 0 € Co(D§ y) is of Type I if each ele-
ment in its expression corresponds to a Type I simplex.
Otherwise, o is of Type II.

LEMMA C.1. (PROPOSITION 2.9, [26]) Let & be a fi-
nite digraph. Then any v € Qo(®) is a linear combina-
tion of the following three types of 0-invariant 2-paths:

1. aba with edges (a,b), (b,a) (a double edge),
2. abc with edges (a,b), (b, ), (a,c) (a triangle), and

3. abc— adc with edges (a,b), (b, ¢), (a,d), (d, c), where
a # ¢ and (a,c) is not an edge (a long square).

LeEMMA C.2. (PARITY LEMMA) Fiz a simplicial com-
plex K and a field Z/pZ for some prime p. Let
w = Y bim be a 2-chain in Co(K) where I is a
finite index set, each b; € Z/pZ, and each T; is a
2-simplex in K. Let o be a I-simplex contained in
some T; such that o does not appear in 05 (w). De-
fine Jo = {j€1l:0 a face of ;}. Then there exists
n(o) € N such that:

n(o)

w = Z biTi + Z(Tf +7; ),
j=1

i€\ Jo

where 82A(Tj+ + ;) is independent of o for each 1 <
j<n(o).

Proof. [Proof of Lemma C.2] Since we are work-
ing over Z/pZ, we adopt the convention that b; €
{0,1,...,p— 1} for each i € I. Then for each j € J,,
we know that 02 (7;) contributes either +o or —o with
multiplicity b;. Write w =37, p\ ;. bimi + 32505 b7y

Since o is not a summand of 95 (w), it follows that
>jes, bj = 0. Define:

Ji:={j € J,:7; contributes + o},

[ea

Jo

:={j € J, : 7j contributes —o}.

Then w = ZiEI\JU b, + ng]j bjTj + ZjGJ; bjTj.

Also define k := |Jf|, and enumerate J} as
{J1,-- -1 Jr}. Write n' (o) := anzl b;,, where the sum
is taken over Z (not Z/pZ). Next define a finite sequence
(C T:LQ(U)) as follows:

=1, forie{l,...,b;},

(3

it =1y, fori€ {bj, +1,...,bj; +bj},...,

k—1 k
7'7;+ = Tj, for i € {me—f—l,,Zl)Jm}
m=1

m=1
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Here the indexing element i is of course taken over
Z and not Z/pZ. Similarly we define a sequence
(715 Ty (o)) Thenw =371\ ;b Tt Yo 1 9ty
Yt T

The expression for 95*(w) contains +¢ with mul-
tiplicity n* (o) and —o with multiplicity n~ (o), such
that the total multiplicity is 0, i.e. is a multiple of p.
Thus we have nt(c) — n~(¢) € pZ. There are two
cases: either n (o) > n~ (o) or n* (o) < n~ (o). Both
cases are similar, so we consider the first. Let g be
a nonnegative integer such that nt (o) = n= (o) + pg.
We pad the 77 sequence by defining 7,7 := 7, _ (o) for

ie{n (o)+1,...,n (o) + pq}. Then we have:
n” (o)
w = Z b + Z Tk + Z T
€I\ Jo
n” (o) n” (0)+pq
:Zbin ZT +ZTm+ Z T
iel\J, m=n—(o)+1
(o) n't (o)
= Z sz—i-ZT +Z7'm

1€\ Js

THEOREM C.1. Let X = (X, Ax) € N be a square-free
network, and fir K = Z/pZ for some prime p. Then
Dgm{(X) = Dgm? ().

Proof. [Proof of Theorem 4.3] Let § € R. First we wish
to find an isomorphism s : H-(65) — HE (D5 ). We
begin with the basis B for (5% ). We claim that B is
just the collection of allowed 1-paths in 6%. To see this,
let ab be an allowed 1-path. Then 9, (ab) = b—a, which
is allowed because the vertices a and b are automatically
allowed. Thus ab € Qi(8%), and so B generates
Q1 (8% ).

Whenever ab is an allowed 1-path, we have a
directed edge (a,b) in &%, and so Ax(a,b) < § by
the definition of (’5%. Thus the simplex [a, b] belongs
to D , with b as a d-sink. Hence [a,b] is a 1-chain
in Cy( ng) Define a map @5 : Q1(®%) — Oy ( f{X)
by setting @s(ab) = [a,b] and extending linearly. The
image of @s restricted to B is linearly independent
because any linear dependence relation would contradict
the independence of B. Furthermore, ¢s induces a
map @5 : ker(%) — ker(9£). We need to check
that this descends to a map ¢q4 : ker(9%)/im(95) —
ker(9£)/im(02) on quotients. To see this, we need to
verify that @%(im(95)) C im(95").

By Lemma C.1, we have a complete characteri-
zation of Qy(®%). Thus we know that any element
of im(0%) is of the form ba + ab, bc — ac + ab, or

be+ab—dc—ad. In the first case, we have @5 (ba+ab) =
[b,a] + [a,b] = [b,a] — [b,a] = 0 € im(95). The
next case corresponds to the situation where we have
abe € Q2(®%) with edges (a,b), (b, c) (a,c) in 5. In
this case, [a,b,c] is a 2-simplex in DF y, with c as a §-
sink. Thus [b, ¢] — [a, ] +[a, b] = @} (bc—ac+ab) belongs
to im(95).

The final case cannot occur because ®4 % 1s square-
free. It follows that @%(im(85)) C 1m(62 ), and so we
obtain a well-defined map @5 : HE (6% ) — Hf* (D5 x).

Next we check that ¢s is injective. Let v =
Zf:o a;o; € ker(ys), where the a; terms belong to
the field K and each o; is a l-path in &%. Then

905( ) = 906(21 0 azo'z) = azA(Z;n:o bjTj)v where th.e bj
terms belong to K and each 7; is a 2-simplex in ©F .

Claim. w = Z?L:o bj7; is homologous to a 2-cycle
> oheo Vi in Co(D5'y ), where each 7, is of the form
[a,b, c] and abe is a triangle in &Y.

Suppose the claim is true. Then we immediately see
that v € im(95). Thus ker(ys) = im(d3), and hence
ker(yps) is trivial in HZ(&% ). This shows that s is
injective.

Let us now prove the claim. Suppose 7; is a Type 11
simplex, for some 0 < j < m. Write 7; = [u,z,y]. Then
there exists z € X such that z is a §-sink for 7;. But
then [u,z,y, 2] € fsi,x’ and 0% ([u, x,y, 2]) = [z,y,2] —
[u,y, 2]+ [u, @, 2] — [u, x, y]. Since 95 004 = 0, it follows
that [u, z, y] is homologous to [z, y, z] — [u, y, z]+[u, x, 2],
each of which is a Type I simplex. Using this argument,
we first replace all Type II simplices in w by Type I
simplices.

Next let 7 be a Type I simplex in the rewritten ex-
pression for w. By taking a permutation and appending
a (—1) coefficient if needed, we can write 7 = [z,v, 2],
where z is the d-sink for 7. Thus (z, 2), (y, z) are edges
in ®. If (z,9) or (y,z) is also an edge, then zyz is
a triangle, and we are done. Suppose that neither is
an edge, i.e. meither of xy,yz is in Q1(®%). Then,
since xy is not a summand of v, we know that [z,y]
is not a summand of ps(v). Thus we are in the set-
ting of Lemma C.2, because 95 (w) = ¢s(v). De-
fine J := {0 <j <m:[z,y| a face of 7;}. By applying
Lemma C.2, we can rewrite w:

where all the summands of w containing [z, y] as a face
are paired in the latter term. Each 77 4 7~ summand
has the following form: [z,y] is a face of both 71 and
77, and both 77 and 7= are Type I simplices. Fix
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1 <j <n([z,y]). Then for some z,u € X, Tj+ = [z,v, 7]
and 7,7 = [, u,y] have the following arrangement:

Since (X, Ax) is square-free, we must have at least
one of the edges (z,u) or (u,z) in ®%. Suppose (z,u)
is an edge. Because we have
[Z’, 2, ’U/} + [xv Y, u] - [.T, Y, Z]7

02 ([x,y, z,u)) = [y, 2,u] —

it follows that [z,vy, 2] — [z,y,u] = [z,y, 2] + [z, u,y] =
Tf + 7, is homologous to [y, 2, u] — [z, 2, u], where yzu
and xzu are both triangles in &%.

For the other case, suppose (u, z) is an edge. Be-
cause we have 09 ([z,y,u,z2]) = [y,u,2] — [x,u,2] +
[,y,2] — [%,y,u], we again know that T; + 7; is ho-
mologous to [z, u, 2] — [y, u, 2], where zuz and yuz are
both triangles in &4.

We can repeat this argument to replace all sum-
mands of w containing [z, y| as a face. Since 7 = [z, y, 2]
was arbitrary, this proves the claim.

It remains to verify that s is surjective. Let
v =" a;7 be a l-cycle in C (D5 ). First we wish
to show that v is homologous to a 1-cycle v/ = >~ b;7/
of Type I. Let 7; be a Type II simplex in the expression
for v, for some 0 < i < m. Write 7; = [z,y], and let z
be a d-sink for 7;. Then [z,y, 2] is a simplex in Dfsfx,
and 02 ([z,y,2]) = [y, 2] — [z, 2] + [z, y]. Thus [z,y] is
homologous to [z, z] — [y, 2], each of which is a Type I
simplex. This argument shows that v is homologous to
a 1-cycle v’ of Type L

Next let 7/ be a 1-simplex in the expression for v’.
Write 7/ = [z, y]. If x is the J-sink for 7/, then we replace
the 7/ = [z, y] in the expression of v" with —[y, x]. This
does not change v, since we have 7" = [z,y] = —[y, z]
in Cy( (SSEX). After repeating this procedure for each
element of v/, we obtain a rewritten expression for v’ in
terms of elements [z,y] where y is the d-sink for [z,y].
Let v’ =Y bi[z;, y;] denote this new expression.

Finally, observe that for each [x;, y;] in the rewritten
expression for v’, we also have (z;, ;) as an edge in ®&%.

Thus > ;- bla;y; is a 1-cycle in HY (8% ) that is mapped
to v’ by ¢s. It follows that s is surjective, and hence
is an isomorphism.

To complete the proof, let § < ¢’ € R. Consider the
inclusion maps ¢t : 6% — QS% and tp : @gix — @f;i, x>
and let (t¢)%, (to)% denote the induced maps at the
respective homology levels. Let v = Z?:o a;x;y; be a
l-cycle in HZ(®%). Then we have:

(QD(Y O <Z aleyz>
= ¥y (Z ai%’%)
i=0
= Zai [l’myz‘]
i=0

# <Z ai@u?ﬁ])
_( O@(S (Z%L,%)-

Thus the necessary commutativity relation holds,
and the theorem follows by the Persistence Equivalence
Theorem.

THEOREM C.2. Let G, be a cycle network for some
integer n > 3. Fiz a field K = Z/pZ for some prime p.
Then Dgmt (G,) = {(1, [n/2])}.

Proof. [Proof of Theorem 4.4] From [17], we know that
Dgm? (G,) = {(1,[n/2])}. Thus by Theorem 4.3,
it suffices to show that G, is square-free. Suppose
n > 4, and let a,b,c,d be four nodes that appear
in G, in clockwise order. First let 6 € R be such
that (a,b), (b,c), (a,d),(d,c) are edges in &2, . Then
wg, (d,c¢) < §, and because of the clockwise orientation
d < a <X ¢ we automatlcally wg, (a,¢) < 6. Hence
(a,c) is an edge in &% , and so the subgraph induced
by a,b,c,d is not a long square.

Next suppose § € R is such that
(a,b),(c,b),(a,d),(c,d) are edges in 05‘(5;". Since
wg,(e,b) < 6 and ¢ X a =X b in G,, we have
wg, (c,a) < §. Hence (c,a) is an edge in Q5gn, and so
the subgraph induced by a, b, ¢, d is not a short square.

THEOREM C.3. Let X = (X, Ax) € N be a symmetric
network, and fir K = Z/pZ for some prime p. Then
Dgmf (X) = Dgm? (X).

Proof. [Proof of Theorem 4.2] The proof is similar to
that of Theorem 4.3; instead of repeating all details,
we will show how the argument changes when the

Copyright © 2018 by SIAM

1167 Unauthorized reproduction of this article is prohibited



Downloaded 01/16/18 to 184.57.53.33. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

square-free assumption is replaced by the symmetry
assumption. Let 6 € R, and consider the map ¢ :
ker(9F) — ker(0f) defined as in Theorem 4.3. As
before, we need to check that this descends to a map
@aq : ker(9F)/im(05) — ker(92)/im(95*) on quotients.
For this we need to verify that @;(im(95)) C im(0%).

By Lemma C.1, we know that any element of im (95 )
is of the form ba + ab, bc — ac + ab, or bc+ ab — dc — ad.
For the first two cases, we can repeat the argument
used in Theorem 4.3. The final case corresponds to the
situation where we have a long square in Qﬁ_‘; consisting
of edges (a,b), (b, ¢), (a,d), and (d,c). This gives the 2-
chain abc — adc. Now by the symmetry condition, we
also have edges (c,d) and (¢,b). Thus [a,b,c] is a 2-
simplex in D%y, with b as a d-sink, and [a,d, ] is a
2-simplex with d as a d-sink. Hence [a,b,c] — [a,d, c] is
a 2-chain in Ca(D5 ). Thus F(be + ab — dc — ad) =
[b,c] + [a,b] — [d, c] — [a, d] belongs to im(02). Thus we
obtain a well-defined map s : HZ (8% ) — HP( Sx)-

Next we need to check that ¢s is injective. As
in Theorem 4.3, let v € ker(ys). Then @s(v) =
cpg(zl 0i0;) = 8?(2;10 b;7j), where the a;,b; terms
belong to the field K, each o; is a 1-path in 6%, and each
7; is a 2-simplex in 50317 x- We proceed by proving an
analogue of the claim in Theorem 4.3 in the symmetric
setting. Write w := Z;ﬁ:o bjT;. We need to show that
w is homologous to a 2-cycle Y7, b7y in Co(D y),
where each 7}, is of the form [a, b, ¢| and abc is either a
triangle or part of a square in 6%

As in the proof of Theorem 4.3, we first replace all
Type II simplices in w by Type I simplices. Next let
T = [z,y, 2] be a Type I simplex in w, and suppose z is
the d-sink for 7, but neither of (x,y), (y,z) is an edge.
As in the proof of Theorem 4.3, we apply Lemma C.2 to
separate the summands of w containing [z,y] as a face
into pairs of the form (7T +77). Writing 7+ = [z, 2, 9]
and 77 = [z, y, u], we obtain the following arrangement:

/D\ e AN .

By the symmetry assumption, (z,y) and (u,y) are
also edges in Qig(, and so xuy, xzy are both allowed 2-
paths. Since 77 = [z,y,u] = —[z,u,y], we can replace

T~ by [z,z,y] — [x,u,y], where zzy — zuy is a
square in Q5§(. Proceeding in this way, we replace each
summand of w containing [z,y] as a face. We repeat
this argument for each choice of 7 = [z,y, 2| in the
expression for w.

Finally, we obtain an expression of w such that there
exists v/ € Q(®%) satisfying ps(v') = w. Then we
have 05 (v') = v, and so v = 0 in HY(®%). Thus ¢;s is
injective.

We omit the remainder of the argument, because
it is a repeat of the corresponding part of the proof
of Theorem 4.3. In summary, it turns out that s
is surjective, hence an isomorphism, and furthermore
that it commutes with the linear maps induced by the
canonical inclusions. This concludes the proof.

D The modified persistence algorithm

We use the notation introduced in §5. By our observa-
tions in §5, computing bases for the filtered chain com-
plex {Q% — QiF1}N | can be done simultaneously while
performing the column reduction operations needed for
persistence, and this does not cause any additional over-
head. For notational convenience, we use a collection
To,...,Tpy1 of linear arrays, where each T}, contains a
slot for each elementary regular p-path. Specifically, for
each v} € B, (the chosen basis for R,), T}, contains a
slot labeled (v¥, et(v?), at(v})) which can store a linked
list of (p — 1)-paths and an integer corresponding to an
entry time. We sort each T}, according to increasing al-
low time and relabel B, if needed so that vf is the label
of T, [j]. Thus it makes sense to talk about the index
of v7 in T),: we define index(v}) = j, and Tp[index(v})]
is labeled by (v¥, et(v?), at(v?)). Note that if v,v" € B,
are such that index(v) < index(v’), then at(v) < at(v’).

Below we present a modified version of the algo-
rithm in [36] that computes PPH. We make one last
remark, based on an observation in [36]: because of the
relation d,00p41, a pivot column of the reduced bound-
ary matrix M, ¢ corresponds to a zero row in Mp11,g.
Thus whenever we compute J,(v) in our algorithm, we
can immediately remove the summands that correspond
to pivot terms in Mp_; ¢. This is done in Algorithm 2.
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Algorithm 1 Computing persistent path homology

1:

10:
11:
12:

13:

2
3
4
5:
6:
7
8
9

procedure COMPUTEPPH(X, D 4+ 1) > Compute
PPH of network X up to dimension D
for p=0,...,D do
Pers, = @; > Store intervals here
for j=1,...,dim(Rp41) do
[u, 1, et] :BASISCHANGE(fom +1);
if ©w =0 then Mark T)1[j];
else
Tp[i] + (u, et);
Add (et(v?), et) to Pers,;
for j=1,...,dim(R,) do
if T,[j] marked and empty then
Add (et(v]), 0) to Pers,;

return Persy, ..., Persp;

Algorithm 2 Left-to-right column reduction

1:

L

10:

procedure BASISCHANGE(v,dim) > Find pivot or
zero columns
p < dim; v = 9,(v); Remove unmarked (pivot)
terms from u;
while v # 0 do
o — argmax{index(7)
7 is a summand of u};
i + index(o);
et + max(at(v), at(o));
if T,,_1[¢] is unoccupied then break;
Let a, b be coefficients of ¢ in T},_4[i] and «,
respectively;
uw<u— (a/b)Tp—1[i]; > Column reduction
step
return u, i, et;
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